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This paper presents a general expression for the stress function in terms
of complex variables., Certain states of stress are used to illustrate the
method. In the case of an elasto-plastic problem the introduction of
complex variables permits an investigation of the link between the
elastic and the plastic stress functions,

1. For the determination of the state of stress in a plastic region
for plane strain of a perfectly plastic body we make use of the equations

do, 61xy *u 6cy
5—;—{__637:0’ - +5.=0 1.1
(05— 0,)% + 415, = 4k? (1.2)
and the boundary conditions
[o, cos (nz) + 7, cO8 (ny)], = X, (s), [74yco8(n2) + 0, cos(ny)], =Y, (s) (1.3)
where y denotes the boundary of the plastic region and ¢ is the arc
length along the contour y.

We will introduce the stress function F1 by the formulas

_8°F, R 9*F,
Gx-—w—a—:"jz—-, Gy——a-;'z-, Txy-—-———a—-x"—ag (1-4)

Equations (1.1) will then be satisfied indentically, and for the de-
termination of the function F1 there remains Equation (1.2). In changing
to complex variables, we note that (1.2) may be written in the form

MM = 4k2, M= 9y~ S, + 2it,,

On the other hand, one has
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25, —
M—_—aé-f—‘, M..éaﬁ.}
a2* 2
where
LA 8 _1ro . .9
dz 2(6x ay)' a;”z(b‘s?"“éi}‘)
Thus, (1.2) takes on the form
0%y 0°Fy

Introducing the function F by the formula

2
F-":‘- '};’F;
we obtain the equation for the determination of the stress function in
plastic region
2 oF

The boundary conditions {1.3) now reduce to [ 1]

8

aoF 2 . .
L;.;.] =~—£-f(s},f(s) =t&(Xn+aYn)ds+const (1.7}
Y
It follows from (1.6) that
9F .
57 = oxXp {2i0) {1.8)

where 6 = 0(z, z) is an arbitrary real function, Integrating (1.8), we
obtain the general solution of (1.86)

_ z %
Fen =\ ep 2@+ 20 + 16 (1.9)
P
where ¢(z) and y(z) are arbitrary analytic functions. For the solution
to have physical meaning, i.e. for it to correspond to some state of

stress, one must impose the condition that the function F is real:
(1.10y

z 7 z 7
S dngexp (20 (£, 7)] dE + 26 (2) + % () =g dn Xexp [— 20 (z, £)] dE + 79 () + % (2)
z 7 Zs :

° o e

For given functions @(z, z) the solution (1.9) is determined by the
condition (1.10) exactly, within s term pzi (where p is real) which cor-
responds to the presence of hydrostatic pressure. For the solution of
concrete boundary-value problems one has to impose on the solution (1.8),
in order that the requirement (1.10) be fulfilled, the boundary conditien
in the form
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[§ expi—20 e BIE+ 9] =10 (1.41)

We note that between the angle of inclination g of a slip line to the
x-axis and the function 6(z, 2z), at every point of the region of plasti-
city, there exists the relationship

0+a—=1n (1.12)
2. Consider next the state of stress for specific functions 0(:z, z2).
1) For 0 = a (a = const) we obtain

= ;- exp (2ia)z® + —;—exp (— 2ia) 2% + pzz (2.1

Sy “xy .
—k—=p—c032a, —E-=p+c032a, T:sta (2.2)

This solution corresponds to a homogeneous stress field.
2) For 6 = — 9 + a (a = const, z = re'®)
F = exp(2ia)zz (Inz — 1) 4 exp (— 2ia) zz (Inz — 1) + pez (2.3)

Here the following versions are possible:

a) Axisymmetric stress distribution [2 ] (a = 0)

o, Og s
i Inrt—1+ p, P Inr:—1+4 p, % 0 (2.4)
b) Stress distribution [2 ] in a wedge (a = 1/4 7)
[ Ss Tro
w =—2+r + =—2+p - =1 (2.5)

¢) Superposition of the preceding stress fields [3 ]

Oy

T-—:cos2a(lnr2-1)—2\9$in2a.—|-p, c
o - =sin 2a (2.6)
- = cos 2 (Inr? 4 1) — 28 sin 2a + p,

3) The general case of axisymmetric stress distribution [4 ]. For

i tan 1% _ s (e =41, ¢ = const)

O=gt U

we obtain
2.7
F=zs [zi.ln (22 + V(z;)’ —c?) — ZV(zE)z—— c2—¢ sin’l—f—:} —iclnzticlnz - psz

2z
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For this

U

= [Zln(VrB—c+Vr2+c)-V’ ~6J+p.

k Tra € (2.8)
— = 2.
_&i= [zm(vrs——wv’rwc)% V ]+p, T
4) For 0 = 1/2 sin™} (z - D/i
1 VM:—“ { 4y ——m—" gz -l z—13
= Vilte—oP—5 V14— — t ——
6 2 2 Vit @—2e
-{»—é(z3+z_3)- %(222-;— %) 4- pzz
S ——— Gy Txu
T =22V I—4t+p, F=—22+p o =% 2.9

Such a stress distribution will occur in a strip (~1/2 < y <+ 1/2),
compressed by rough plates [3].

5) For 0 == 9+ 1/2 sin~! (1~ ¢/r¥)(c> 0)

F =i{c-}-22)In -%— — 3V2cz£— & 19 (c+ 22) tan—i___,..,__,mw+ pzz (2.10}
¢
“11/ it

Sr

| P —
= s 28 e -,;V20r2 c? 4 2 tan P, Try ¢

kT

=1—1 (2.11)
»_ ..1V2 2-—02_, B
- —+n

— 2 - 2V20r2—02+2ta
This is a new particular solution of the equilibrium equations (1.1
and the von Mises condition (1.2).

3. In the case of elasto-plastic problems we have for the determina-
tion of the stress functions the following equations:

In the elastic region
HFe
82% 972

(3.1)

In the plastic region (1.8) or

04 F %
= exp[2i0(z,2 3.2
o~ 7 P 120 (2, )] (3.2)
On the dividing lines between the elastic and plastic zones o%e has
to use the condition of continuity of the first derivatives of F and F,
Since the stress functions F must be real, it follows from (1.9) that it

may be represented in the form
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F(2,3)=Fo(z,2) + % (3,2) (3-3)

where
z

n
Fo(z,7) = 2 Re[z9 (2) + X (2)], % (z, 7) = S dvz% exp [2i0 (&, 2)] dE — 29 (2) —x (2)
/!

2o o

and x(z, z) is a real function. The function x(z, z) must vanish at the
interface and in the elastic region. The condition of continuity of the
derivatives of the stress functions on the boundary may be satisfied by

letting
e} _ 3F°} [_‘91 =0 (3.4)
|, |, a |,

For this fulfilment of the boundary conditions the function x(z, z)
and its first derivatives with respect to z, z at the interface and in
the elastic region vanish, i.e. the solution is continued analytically
from the elastic into the plastic region.
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